We discuss BPS Wilson loops of d = 4 N = 4 super Yang-Mills theory, d = 3 N = 2 super Chern-Simons-matter theory, and d = 3 N = 6 Aharony-Bergman-Jafferis-Maldacena theory, in both Minkowski spacetime and Euclidean space. We find that there are timelike and null BPS Wilson loops in Minkowski spacetime, but spacelike BPS Wilson loops do not exist. We attribute this to the conflicts of reality conditions of spinors. However, in Euclidean space spacelike Wilson loops do exist. There are both Wilson lines of infinite straight lines and Wilson loops of circles. This is because the reality conditions of spinors are lost after Wick rotation.
Introduction
It has been the best of times of the AdS/CFT correspondence for almost two decades.
In the AdS 5 /CF T 4 correspondence, type IIB string theory in AdS 5 × S 5 spacetime is dual to d = 4 N = 4 super Yand-Mills (SYM) theroy [1] [2] [3] . There is 1/2 BPS Wilson loops in d = 4 N = 4 SYM theroy, and it is supposed to be dual to world sheet of fundamental string in type IIB string theory [4, 5] . Similarly in AdS 4 /CF T 3 correspondence, M theory in AdS 4 × S 7 /Z k spacetime, or type IIA string theory in AdS 4 × CP 3 spacetime, is dual to d = 3 N = 6 super Chern-Simons-matter (SCSM) theory with level k and gauge group U (N ) × U (N ), which is known as Aharony-BergmanJafferis-Maldacena (ABJM) theory [6] . In ABJM theory there is 1/6 BPS Wilson line [7] [8] [9] , and this can be dual to smeared fundamental string in type IIA string theory [7] . This kind of 1/6 BPS Wilson loops in ABJM theory are closely related to the 1/2 BPS Wilson loops in N = 2 SCSM theory proposed in [10] . There is also 1/2 BPS Wilson loop in ABJM theory dual to the simplest fundamental string in type IIA string theory [11] .
In this paper we revisit the Wilson loops in the AdS/CFT correspondence. We find that in the Minkowski spacetime, there is no BPS spacelike Wilson loop, no matter of an infinite straight line or of a circle. This arises from the conflicts of reality conditions of spinors. However, for the Euclidean version of AdS/CFT correspondence, there is another story. The reality conditions of spinors are lost in the Wick rotation, and conflicts in Minkowski spacetime would disappear in Euclidean space. And then we can have BPS Wilson lines of spaceline infinite straight lines, as well as BPS Wilson loops of circles in Euclidean space. We will show this explicitly in this paper.
The rest of this paper is organized as follows. In Section 2 there is the story in Minkowski spacetime.
We show there are timelike and null BPS Wilson loops, but there are no spacelike ones. In Section 3 we present the Euclidean space story. We show spacelike BPS Wilson loops are allowed in Euclidean space, of infinite straight lines as well as of circles. We end with conclusion and discussion in Section 4.
In Appendix A we review the definition of Majorana spinors in various dimensions. In Appendix B we discuss the consistency of constraints for Majorana spinors. In Appendix C and D, there are spinor conventions for d = 3 Minkowski spacetime and Euclidean space, respectively.
Story in Minkowski spacetime
In this section we consider the BPS Wilson loops in several supersymmetric conformal field theories in Minkowski spacetime.
d =4 N =4 SYM theory
We use the d = 10 N = 1 SYM theory formalism. The supersymmetry (SUSY) transformation of the bosonic part is δA µ =λγ µ ǫ, δφ I =λγ I ǫ.
(2.1)
Here A µ with µ = 0, 1, 2, 3 is a four-dimensional vector, φ I with I = 4, · · · , 9 are four-dimensional scalars, λ is the fermionic field, andλ = λ † γ 0 . Symbols γ µ and γ I are ten-dimensional gamma matrices, and ǫ is the SUSY transformation parameter. Also λ and ǫ are ten-dimensional Weyl-Majorana spinors.
One may define the Wilson loop [4, 5] 
For a timelike infinite straight line one may choose
Thus From δW = 0, one can get 
Now δW = 0 would lead to
This is also legal, and it is a null 1/2 BPS Wilson line.
To get a spacelike Wilson loop we choose
The constraint from δW = 0 now becomes 
d =3 N =2 SCSM theory
The d = 3 N = 2 SCSM theory has a complex scalar φ and a Dirac spinor ψ. It is also a super conformal theory, one can write a general SUSY transformation as
with χ = θ + x µ γ µ ϑ,χ =θ −θx µ γ µ , and θ, ϑ being constant Dirac spinors. The θ,θ terms denote Poncaré SUSY transformation, and ϑ,θ terms denote conformal SUSY transformation. The transformations δψ and δψ will not be used, and so we will not bother to write them out. Note that A µ = A † µ , φ = φ † , and the SUSY transformation preserves these relations δA µ = δA † µ , δφ = δφ † . The 1/2 BPS Wilson loop in N = 2 SCSM theory was found in [10] , and we firstly give a short review in this subsection. One can define the 1/2 BPS Wilson loop as
One can consider the timelike straight line x µ = (τ, 0, 0). For the Poncaré SUSY transformation invariance of W , i.e. δA = 0, one gets
The second equation is just We may choose a null infinite straight line x µ = (τ, τ, 0), and (2.10) becomes 14) and now the Poncaré SUSY transformation δW = 0 would lead to 
The eigen value of γ 1 are ±1, and without loss of generality we choose m = −i. Thus there are 
ABJM theory
The ABJM theory is an N = 6 SCSM thoery, and it was constructed in [6] . ABJM theory has A general SUSY transformation of ABJM theory is [13] [14] [15] [16] 
18)
with constraint
Symbol ǫ IJKL is totally antisymmetric with ǫ 1234 = 1. Like the N = 2 SCSM theory, the θ,θ terms denote Poncaré SUSY transformation, and ϑ,θ terms denote conformal SUSY transformation. Note
, and δψ I = δψ † I .
1/6 BPS Wilson loop
The 1/6 BPS Wilson loop was constructed in [7] [8] [9] , and there was careful analysis of reality conditions for the spinors θ IJ andθ IJ in [9] . It is closely related to the Wilson line constructed in [10] , which we have reviewed in the previous subsection. One considers the Wilson line of a timelike straight line
It can be shown that for
there is δA = 0 and so δW = 0. Thus Wilson line (2.20) of timelike infinite straight line is 1/6 BPS.
Similar as before, there can be null Wilson line of x µ = (τ, τ, 0), and the SUSY perserved can be denoted as
Thus we have a null BPS Wilson line. Note that it is not 1/6 BPS, but 1/2 BPS.
On the other hand if we want a spacelike Wilson line x µ = (0, τ, 0), for Poncaré SUSY transformation we have
Thus for δA = 0 we have
In the base of diagonalized M I J = m I δ I J , we get 25) with no index summations on the right sides. Without loss of generality we may suppose θ 12 = 0 and get
Using (2.19) one get (θ 12 ) * = θ 34 , and then there is
This means that m I = i. And then (2.25) become Similarly one can construct the 1/6 BPS Wilson line of x µ = (τ, 0, 0)
It preserve the same SUSY as (2.20). For null infinite straight line it is 1/2 BPS. But still no spacelike 1/6 BPS Wilson loop is allowed.
1/2 BPS Wilson loop
The 1/2 BPS Wilson loop besides the null case was constructed in [11] . Such construction of BPS Wilson loops was explained elegantly via the Brout-Englert-Higgs(BEH) mechanism in [17] . 2 One considers the Wilson line of x µ = (τ, 0, 0)
where L is a supermatrix
Here there are definitions
32)
Note thatη I and η I are Grassmann even, and sof 1 and f 2 are Grassmann odd. To make W SUSY invariant 3 δL = 0 is not necessary, and it is enough to require 4 [17] 
for some Grassmann odd matrix
Concretely, one needs
As in [11] , one can use symmetry to guide the search for a 1/2 BPS Wilson line. One can break the SU (4) R-symmetry to U (1) × SU (3) by writing I = (1, i). For generalη I , η I , M I J and N J I , the SU (4) R-symmetry would be broken totally. One wishes to get a BPS WL with the SU (3) subgroup intact, and so one can chooseη
One can suppose SU (3) invariant constraint 
Since ψ i andψ i do not appear inf 1 and f 2 , to satisfy (2.35) they must not appear in δA or δÂ either.
So one has to choose m 1 = n 1 = −1 and m 2 = n 2 = 1, and then for Poncaré SUSY transformation one can get
In order that δf 1 and δf 2 satisfy the form of (2.35), one must choose
And then there are
One can show that, given If we want to repeat the above calculation with the spacelike line x µ = (0, τ, 0), we would run into dilemma. Now we suppose
and then there are
Then we cannot choose m 1,2 , n 1,2 to make ψ i andψ i not appear in δA and δÂ. So we conclude there is no spacelike 1/2 BPS Wilson loop. has to be abandoned [22] , and the most important is the explicit connection between Minkowski and Euclidean field theories [23] . So the reality conditions for spinors in Minkowski spacetime would disappear in Euclidean space. And it is just an analytical continuation for Grassmann odd numbers. 
Story in Euclidean space

d =4 N =4 SYM theory
d =3 N =2 SCSM theory
The Euclidean d = 3 N = 2 SCSM theory has formally the same SUSY transformation as (2.9), but nowψ is not related to ψ,χ is not related to χ,θ is not related to θ, andθ is not related to ϑ. Although 
For the circular Wilson loop x µ = (cos τ, sin τ, 0), the SUSY preserved is
ABJM theory
For the Euclidean ABJM theory, it is similar as the above two cases. Formally there are still the SUSY transformation (2.18), with The circular 1/6 BPS Wilson loop has been considered in [7] [8] [9] .
Then we consider Wilson line (2.30) in Euclidean space for line x µ = (τ, 0, 0). We can suppose
and then from (3.4) we haveθ
We choose m 1 = n 1 = i and m 2 = n 2 = −i, and then for Poncaré SUSY transformation we get
We have to choose
and get
And then, given 14) with i, j, · · · = 2, 3, 4. The circular 1/2 BPS Wilson loop has been studied in [11] .
Conclusion and discussion
We Minkowski spacetime cannot preserve any SUSY [26] [27] [28] [29] . This explains why there is no BPS spacelike 
A Majorana spinors in various dimensions
In this appendix we review the definitions of Majorana spinors in various dimensions. We follow closely the Appendix B of [30] , and one can see details therein.
In d-dimensional Minkowski spacetime, there are gamma matrices γ µ that form Clifford algebra
Here we use the mostly plus metric η µν = diag(−, +, +, · · · ). Often, one requires
The matrices ±γ * µ also satisfy the Clifford algebra, so there must be similarity transformation
Here we use * as complex conjugate, and define α = 0 for the plus sign and α = 1 for minus sign.
Given a Dirac spinor θ one can define the charge conjugate
The spinor θ c transforms the same as θ under the Lorentz transformation. When B satisfy
we can impose the reality condition
and get a Majorana spinor. We list the dimensions of Minkowski spacetime d that alow Majorana spinors and the corresponding α as below. Under a general similarity transformatioñ
we haveθ
we need U to be unitary
One can show that α defined in (A.3), the criterion that reality condition can be imposed (A.5), and the definition of Majorana spinor (A.6) do not change under a similarity transformation.
B Consistent constraint for Majorana spinors
The constraint of spinors are often used in physics, for example in searching for BPS objects in 
When there is γ 0 in γ µ 1 ···µn , we say β = 1, otherwise we say β = 0. It is easy to show that
Note that there is no summation of indices in the second equation. Thus we want to use matrix γ µ 1 ···µn as a constraint and eliminate half of the degree of freedom of a Majorana spinor θ by the constraint
For a Dirac spinor, it is fine, but for a Majorana spinor there is subtlety. We take charge conjugate of the equation, use the Majorana condition, and finally get
6 Equivalently, we may define the project operator
The constraint equation (B.3) would be just the project equation 
The condition for them to be consistent as constraint matrices of a Majorana spinor is the same as before.
In summary we list all the possible consistent constraint matrices of Majorana spinors as in the following table.
Here the Latin letters i, i 1 , i 2 , · · · vary from 1 to d−1. Matrices separated by "/" are just the equivalent ones. Note that when d = 2 there is matrix γ 01 and when d = 10 there is matrix γ 01···9 , which is just that there are Weyl-Majorana spinors in these dimensions. For Weyl-Majorana spinors, a constraint matrix must has even number of gamma matrices. In two-dimensions, there are no constraint matrix for Weyl-Majorana spinors. In ten-dimensions, the consistent constraint matrices are
For d-dimensional Euclidean space the metric is δ µν = diag(+ + + · · · ), and the Clifford algebra becomes
The analysis method is the same as before, and we investigate 2 ≤ d ≤ 12 when Majorana spinors exist. The final results are listed as below.
Here the Greece letters µ, µ 1 , µ 2 , · · · vary from 1 to d. When d = 8 there is projector γ 1···8 and this is just the existence of Weyl-Majorana spinors. Now the consistent constraint matrices of the Weyl-Majorana spinors are
As an application of the above discussions we revisit one problem in Subsection 3.4 of [7] . There Among them only the first one does not satisfy (B.11). So 1/4 supercharges are broken in the orbifolding. We can also proceed with this and analyze the supercharges preserved by fundamental string (without or with smearing), D2-brane (without or with smearing), and D6-brane in the orbifolding spacetime. The process is similar to discussed above and the final conclusion in [7] does not change.
C Conventions in d =3 Minkowski spacetime
We follow most of the conventions in [31] , but there are also some minor differences. In threedimensional Minkowski spacetime, we use the coordinates x µ = (x 0 , x 1 , x 2 ) and the metric η µν = diag(− + +). We choose the gamma matrices as γ µ β α = (iσ 2 , σ 1 , σ 3 ), (C.1) with σ 1,2,3 being the Pauli matrices. Note that they are real matrices. There would be γ µ γ ν = η µν +ǫ µνρ γ ρ , γ µ γ ν = η µν +ǫ µνρ γ ρ , with ǫ µνρ and ǫ µνρ being totally antisymmetric and ǫ 012 = −ǫ 012 = 1.
We have the spinor θ α that are Grassmann odd. We define the matrices
Spinor indices are raised and lowered as
Then there would be It is easy to seeθ = θ. We also define the short hands
There are useful relations θψ = ψθ, (θψ) * =ψθ, γ µ θ = −θγ µ , θγ µ ψ = −ψγ µ θ, (θγ µ ψ) * =ψγ µθ .
(C.8)
D Conventions in d =3 Euclidean space
In three-dimensional Euclidean spacetime, we use the coordinates x µ = (x 1 , x 2 , x 3 ) and the metric δ µν = diag(+ + +). We choose the gamma matrices as β . There would be γ µ γ ν = δ µν + iǫ µνρ γ ρ , γ µ γ ν = δ µν + iǫ µνρ γ ρ , with ǫ µνρ and ǫ µνρ being totally antisymmetric and ǫ 123 = ǫ 123 = 1.
We have the spinor θ α that are Grassmann odd. The spinor indices α, β, · · · can be raised or lowered using ǫ αβ or ǫ αβ the same as the Minkowski case. One can check that γ Formally there is θ † † = −θ. However, θ † will not be used in this paper. We also have symbolθ, but it is independent and has nothing to do with θ, θ * or θ † . There are short hands the same as the Minkowski case
There are relations θψ = ψθ, (θψ)
